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C*^ I ABSTRACT. We study the Hopf algebra H of Fliess operators coming from Control Theory 

in the one-dimensional case. We prove that it admits a graded, finte-dimensional, connected 

^SJ ■ gradation. Dually, the vector space M(a;o,xi) is both a pre-Lie algebra for the pre-Lie product 

j^ , dual of the coproduct of H, and an associative, commutative algebra for the shuffle product. 

^ I These two structures admit a compatibility which makes R(xo,xi) a Com-pre-Lie algebra. We 

give a presentation of this object as a Com-pre-Lie algebra and as a pre-Lie algebra. 
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Introduction 

Right pre- Lie algebras, or shortly pre-Lie algebras f31,fT], are vector spaces with a bilinear product 
• satisfying the following axiom: 

{x • y) • z — X • (y • z) = (x • z) • y — x • {z • y). 

Consequently, the antisymmetrization of • is a Lie bracket. These objects are also called right- 
symmetric algebras or Vinberg algebra |11| 116) . If A is a pre-Lie algebra, then the symmetric 
algebra S{A) inherits a product • making it a Hopf algebra, isomorphic to the enveloping algebra 
of the Lie algebra A [12|I13). Whenever it is possible, we can consider the dual Hopf algebra S{A)* 
and its group of characters G, which is the exponentiation, in a certain sense, of the Lie algebra A. 

We here consider the inverse construction, departing from a group used in Control Theory, 
namely the group fof Fliess operators |31 El E]; this group is used to study the feedback prod- 
uct. We limit ourselves here to the one-dimensional case. This group is the set M{{x(),xi)) of 
noncommutative formal series in two indeterminates, with a certain product generalizing the 
composition of formal series (definition [1]). The Hopf algebra H of coordinates of this group 
is described in [5], where it is also proved that it is graded by the length of words; note that 
this gradation is not connected and not finite-dimensional. We first give a way to describe the 
composition in the group M((xo, xi)) and the coproduct of H by induction on the length of words 
(lemma [2] and proposition [3| . We prove that H admits a second gradation, which is connected; 
the dimensions of this gradation are given by the Fibonacci sequence (proposition [8|. As the 
product of R((xo,xi)) is left-linear, H is a commutative, right-sided combinatorial Hopf algebra 
(9], so, dually, M(xo,xi) inherits a pre-Lie product •, which is inductively defined in proposition 
[TTl We prove that the words x", n > 0, form a minimal subset of generators of this pre-Lie 
algebra (theorem I12p . 

The pre-Lie algebra M(xo,xi) has also an associative, commutative product, namely the 
shuffle product 111 [14j. We prove that the following axiom is satisfied (proposition I14p : 

(xiily) • z = (x • z)\A]y + x\A}{y • z). 

So ]R(2;o, xi) is a Com-pre-Lie algebra |10) (definition [T5]) . We give a presentation of this Com-pre- 
Lie algebra in theorem |271 We use for this a description of free Com-pre-Lie algebras in terms of 
partitioned trees (definition \T7} , which generalizes the construction of pre-Lie algebras in terms 
of rooted trees in [1]. We then deduce a presentation of M(xo, xi) as a pre-Lie algebra in theorem 
[30l This presentation induces a new basis of M{xo,xi) in terms of words with letters in N*, 
see corollary [3TJ The pre-Lie product of two elements of this basis uses a dendriform structure 
[21 [8] on the algebra of words with letters in N* (theorem I34p . The study of this dendriform 
structure is postponed to the appendix, as well as the enumeration of partitioned trees; we also 
prove that free Com-pre-Lie algebras are free as pre-Lie algebras, using the rigidity theorem of [7]. 

AknoAvledgment. The research leading these results was partially supported by the French 
National Research Agency under the reference ANR-12-BS01-0017. 

Notation. We denote by K a commutative field of characteristic zero. All the objects 
(algebra, coalgebras, pre-Lie algebras. . .) in this text will be taken over IC. 

1 Construction of the Hopf algebra 

1.1 Definition of the composition 

Let us consider an alphabet of two letters, denoted by xq and xi. We denote by ]K((xo,xi)) the 
completion of the free algebra generated by this alphabet. Note that K((xo,xi)) is an algebra 



for the concatenation product and for the shuffle product, which we denote by 111. 

Exemples. If a, 6, c, d G {a^o, 2;i}: 

abciiid = abed + abdc + adbc + dabc, 

abUAcd = abed + aebd + cabd + aedb + cadb + edab, 

aiiibed = abed + bacd + bead + bcda. 

The unit for both these products is the empty word, which we denote by 0. The algebra 
Xo,xi)) is given its usual ultrametric topology. 



Definition 1 /!/. 

1. For any d E K((xo,xi)), we define a continuous algebra map ip^ from K((xo,xi)) to 
End(K{{xo, xi))) in the following way: for all X G K{{xq,xi)), 

ifdi^oXX) = xqX, ipd{xi){X) = xiX + xoidinX). 

2. We define a composition o on M.{{xq,xi)) in the following way: for all c,d€z ^{{xo,xi)), 
cod = ipd{c){^)+d. 

It is proved in [5] that this composition is associative. 
Notation. For all c,d £ ]K((xo, xi)), we put cod = co d — d = 93rf(c)(0). 
Remark. If ci,C2,d G ¥^{{xq,xi)), A G K: 
(ci + \c2)od = 99rf(ci + Ac2)(0) = {^d{ci) + A(^d(c2))(0) = </'d(ci)(0) + A(^d(c2)(0) = ci5d + AcaSd. 

So the composition o is linear on the left. As ipd is continuous, the map c — )■ cod is continuous 
for any d G ]K((xo,a:i)). Hence, it is enough to know how to compute cod for any word c, which 
is made possible by the next lemma, using an induction on the length: 

Lemma 2 For any word c, for any d G ]K((xo,xi)).' 

1. 05d = 0. 

2. (xoc)od = xo(cod). 

3. {xic)od = xi{cod) + XQ{d\l\{eod)). 
Proof. 1. 05d = ^d(0)(0) = Id{%) = 0. 

2. {xoc)od = Lpd{xQc){%) = ^Pd{xQ) o (pd{c){^) = ipd{xo){c5d) = XQ{c5d). 

3. {xic)od = (^d(xic)(0) = ifdixi) o ipd{c){%) = ifd{xi){cod) = xi{cod) + XQ{d\n{eod)). □ 

1.2 Dual Hopf algebra 

We here give an inductive description of the Hopf algebra of the coordinates of the group 
]K((xo,xi)) of 0. 

For any word c, let us consider the map Xc G ]K((xo,xi))*, such that for any d G ]K((xo,a:i)), 
Xc{d) is the coefflcient of c in d. We denote by V the subspace of A* generated by these maps. Let 
H = S{V), or equivalently the free commutative algebra generated by the XcS. The elements of 



H are seen as polynomial functions on K((xo, xi)); the elements oi Hf^H are seen as polynomial 
functions on M.{{xq,xi)) x M.{{xq,xi)). Then H is given a multiplicative coproduct defined in 
the following way: for any word c, for any f,g& M.{{xq,xi)), 

A{X,){f,g) = X,{fog). 
As o is associative, A is coassociative, so i7 is a bialgebra. 
Notations. 

1. The space of words is a commutative algebra for the shuffle product 111. Dually, the space 
V inherits a coassociative, cocommutative coproduct, denoted by A^j. For example, if 
a,b,c£ {a;o,xi}: 

A^(X0) = X0 0X0, 

Aui{Xa) = Xa Xq + X(D (^ Xa, 
Am(^afe) = Xab^XQ+Xa0Xb + Xh0Xa + X(^^Xab, 
^UiiXabc) = Xabc(^X^+Xa(E)Xbc + Xb(S)Xac + Xc(S)Xab 

+Xab <S)Xc + Xac <S)Xb + Xbc 'S)Xa + XQ0 Xabc- 

2. We define two linear endomorphisms 9q, 9i of V by 9i{Xc) = Xx^c for any word c. 

The following proposition allows to compute A{Xc) for any word c by induction on the length 
of c. 

Proposition 3 For all x ^ V, we put A.{x) = A{x) — I x. 

1. A(X0) = XQ<g)i. 

2. Ao9q = (6*0 (g) Id)o A + (6*1 m) o (A Id) o Auj . 

3. Ao9i = {9i0ld)oA. 

Proof. For any word c, for any f,g£ M.{{xo,xi)): 

A{Xc){f,9) = A{X,){f,g) - (1 X,){f,g) = X,{f o g) - X,{g) = X,{f ® g - g) = X,{fog). 
As 5 is linear on the left, A(Arc) ^V ® H, so formulas in 2. and 3. make sense. 

Let / G 'K{{xq,xi)). It can be uniquely written as / = xq/o + 2:1/1 + A0, with /o, /i G 
K((xo,a;i)), \^ K. For all g G ]K((a:o,xi)): 

f°g = {xoh)og + {xifi)og + \(l)og 

= x^ihog + gUlUiog)) + xiUi°9) + >^^- 

1. We obtain: 

A(X0)(/, g) = Xt^{xo{fo~o9 + g[n{fi5g)) + x,{h5g) + A0) = + + A = (Xg l){f,g). 
So A(X0) = Xq0 1. 



2. Let c be a word. 

Ao9o{X,){f,g) = A{X,,,){f,g) 

= X^,,{xo{fo5g + g[l}{h5g)) + Xi{h~og) + A0) 

= X,{fodg + g[n{hog))+0 + 

= Xc{foog + {h5g)[l}g)+0 + 

= A{X,){fo,g) + {A0ld)oA^{X,){fi,g,g) 

= A{X,){fo,g) + {Id m) o (A Id) o A^{X,){fi,g) 

= {00 Id) o A{X,){f,g) + {9i ^ Id) o (Id m) o (A /d) o A^(Xe)(/,5), 

so A o 6'o(Xc) = (6*0 /d) o A(Xc) + (6*1 Id) o {Id m) o (A (g) Id) o Aqj {X^). 

3. Let c be a word. 

Aoei{X,){f,g) = A{X,,,){f,g) 

= X,,,,{xo{fo~o9 + gil}{fi5g)) + xi{hog) + A0) 

= + Xc(/i5g) + 

= A{X,){h,g) 

= {ei0ld)oA{X,){f,g), 

so A oei{Xc) = {01 (S) Id) oA{Xc). □ 

Examples. 

A(X^J = X^o 1 + 1 (» X^o + X^i X0, 

A(X^2) = X^2 ® 1 + 1 «) X^2 + X^,^, (E)X,D + X^.^o «> ^0 + ^xixi ® ^0 + ^xi «> ^xo , 

A(X2,Qa;J = Xa;pa;^ (g) 1 + 1 (g) Xj;^^! + X^ia;^ (g) Xg + Xj;^ (g) Xj^i, 

^(X^^iajo) = Xa;^a;p (g 1 + 1 (g X^;^^,, + Xj^ja;^ (g X0. 

Corollary 4 For a// n > 1, A(Xa;n) = X^n (g 1 and A{Xx^) = X^n (g 1 + 1 (g X^^n. 
Proof. Easy induction on n. □ 

1.3 gradation 

It is proved in |5j that the Hopf algebra H is graded by the length of words, but this gradation 
is not connected, that is to say that the homogeneous component of degree is not (0), as it 
contains X0. We here define another gradation, which is connected. 

Definition 5 Let c= ci . . . Ck be a word. We put: 

deg{c) = lg{c) + I + ]^{i G {I, . . . ,k} \ a = xq} . 

For all k>\, we put: 

Vk = Vect{Xc I deg{x) = k). 

This define a connected gradation of V , that is to say: 

k>l 

This gradation induces a connected gradation of the algebra H: 



H = ^Hk, and Ho 

k>0 



Proposition 6 If c is a word of degree n, then: 

A(Xe)G Vi(g)Hj. 

i+j=n 

So the gradation {Vk)k>i is a gradation of the Hopf algebra H . 
Proof. Let us start by the following observations: 

1. Let c be a word of degree k. Then xqc is a word of degree k + 2. Hence, Oq is homogeneous 
of degree 2 on F. 

2. Let c be a word of degree k. Then xic is a word of degree A; + 1. Hence, 9i is homogeneous 
of degree 1 on T/. 

3. Let c and d be two words of respective degrees k and /. Then any word obtained by 
shuffling c and d is of degree k + I — 1: its length is the sum of the length of c and d, and 
the number of xq in it is the sum of the numbers of xq in c and d. Hence, the coproduct 
Aqj is homogeneous of degree 1 from 1/ to V <SiV. 

Let us prove the result by induction on the length fe of c. If A; = 0, then c = so n = 1, and 
A(Xc) = Xc (8) 1 G Vi (8) Hq. Let us assume the result for all words of length < k — 1. Two cases 
can occur. 

1. If c = xod, then deg{d) = n — 2. we put AQj(Xci) = Y2^i'^ ^'l- -^y ^^^ preceding third 
observation, we can assume that for all i, x[,x'- are homogeneous elements of V, with 
deg{x[) + deg{x[) =n — 2 + l = n— 1. Then: 

A(Xe) = (^0 ® Id) o K{Xd) + J^(0i ®m)o {K{x'i) ® x'l). 

i 

By the induction hypothesis, A^X^) £ (V <^ H)n^i. By the second observation, {9q <S> Id) o 
A{Xd) e {V^H)n- By the induction hypothesis applied to x[, for all i, {A.{x'i)0x'l) G {V^ 
H®V)n^i, so by the first observation, {0i0m)o(A{x'^0x'-) G (y(^H)n-i+i C {V0H)n. 

So A(Xe) e{V^ H)n. 

2. c = xid, then deg{d) = n — \. Moreover, A{Xc) = {Oi Id) o A{X^). By the induction 
hypothesis, A^Xd) G {V H)n~i. By the second observation, A{Xc) G iy ® II)n- 

So the result holds for any word c. □ 

Corollary 7 For all n > 0: 

A(i/„)C Hi(g)Hj. 

i+j=n 

Proof. Comes from the multiplicativity of A. D 

Let us now study the formal series of V and H. 

oo 

Proposition 8 1. For all k, let us put pk = dimiVk) and Fy = y^pkX . Then: 



Fv 



k=l 

X 



l-X-X^' 

and for all k > 1 : 

1 + ^5 
Pk 



2 
This is the Fibonacci sequence (A 000045 in 115]). 





fe=0 



2. We put Fh = ^dim{Hk)X^ . Then: 



fc=l 



Proof. Let us consider the formal series: 



F{Xq^Xi) = y, tK'^oi'ds in Xo,xi with i xq and j xiJXqXq. 
*J>0 



Then F{Xq,Xi 



1 



1 - Xo - Xi 



Moreover, by definition of the degree of a word: 
X 



l-X -X'^' 

As H is the symmetric algebra generated by V , its formal series is given by the second point. □ 

Examples. We obtain: 



k 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


dim{Vk) 





1 


1 


2 


3 


5 


8 


13 


21 


34 


55 


dim{Hk) 


1 


1 


2 


4 


8 


15 


30 


56 


108 


203 


384 



The third row is sequence A166861 of [15j. 

Remark. Consequently, the space V inherits a bigradation: 

y^k,n = Vect{Xc I deg{c) = k and lg{c) = n). 

If c is a word of length n and of degree fc, denoting by a the number of its letters equal to xq 
and by b the number of its letters equal to xi, then: 







f a + h 


= 


n, 








\ 2a + 6 + l 


= 


k, 




so a = k — n — 


1. Hence: 














dim{yk,n) = , 


— n 


-y' 




and the formal 


series of this bigradation is: 












^ dim{Vk,n)X''Y^ = 




X 






1- 


XY - 


X^Y 



k,n>0 



2 Pre-Lie structure on K(a:o,3:i) 

2.1 pre-Lie coproduct on V 

As the composition o is linear on the left, the dual coproduct satisfies A(l/) C V <^ H, so H 
is a commutative right-sided Hopf algebra in the sense of [9j, and V inherits a right pre-Lie 
coproduct: if tt is the canonical projection from H = S{V) onto V, 

5 = (it tt) o A = {Id (^ tt) o A. 

It satisfies the right pre-Lie coalgebra axiom: 

(23). ((5 (^Id)o5- {Id (^6)o5) = 0. 

The following proposition allows to compute 5{Xc) by induction on the length of c. 



Proposition 9 1. 5(X0) = 0. 

2. 6o9o = (6*0 tS)Id)o6 + {Oi (^ Id) o A^j . 

3, <5 o 6*1 = (6*1 Id) o 5. 

Proof. The first point comes from A(X0) = X0 (8) 1 + 1 (8) Xq. Let x £ y. We put 

Alu (x) = x' (g) x" G y (g) y. For any y £V, we put A(y) - y 1 = yW ,g, y{2) g y ^ //^. Tlien: 

(6*1 ®m) o (A^/d) o Auj(x) = (e^i m)(x' (g 1 (g x" + x'^^) x'^^) (g x") 

= ei{x')0 x" +x'(^) «> x'(2)x" . 

eV g_R'er{7r) 

Applying Id0 ir, it remains: 

(Id (g) vr) o (6*1 (g) m) o (A (g) /(i) o A^j (x) = (6*1 ® Id) o A^j (x). 
Let i = or 1. Tlien: 

{Id (g) vr) o (Oi (g Id) o A = (6'j (g) Id) o (/d (g) vr) o A = (6*4 (g) /d) o 5. 
The result is induced by these remarks, combined with proposition [3l □ 

Examples. 

6iX^J = X^^®X0, 

^i^xl ) = -^^2:02:1 <^ -^^0 + X^j^xo ig" -^^0 + Xx-^ (g X^g , 
'^(-'^xoxi ) = -'^xiii (g X0 + X^j (g Xa;^ , 
^{Xxixo) = Xx^xi^Xdj. 

Proposition 10 Ker{S) = Vect{Xxi,n > 0). 

Proof. The inclusion ^ is trivial by corollary H] Let us prove the other inclusion. 

First step. Let us prove the following property: if x G T4 is such that 

{k-2)l 



^(-) = ^ E Httt'^^i®^^^' 



i+j=k-2 

then there exists /i G IK such that x = fiXi~ . It is obvious if A; = 1, as then x = /i0. Let us 
assume the result at all ranks < k. We put x = x^(xo/o + 2:1/1), where a > 0, /o is homogeneous 
of degree k — 2 — a and /i is homogeneous of degree k — 1 — a. 

5{x) = {Of Id) {{00 Id) o 6{fo) + (Oi Id) o 6{fi) + (01 Id) o A^(/o)) . 

Let us consider the terms in this expression of the form Xij) (g Xc, with c a word. This gives: 

XXq (g) Xk-2 = 0, 

so A = and 5(x) = 0. Let us now consider the terms of the form Xx<^xoc '^ X^, with c, d words. 
We obtain: 

O = {9'^oeo0ld)o6{fo). 

As both ^0 and 9i are injective, we obtain 5(/o) = 0. By the induction hypothesis, /q = z^Xix'^, 
with l = k — 2 — a<k. Hence: 

Au(/o) = ^^ E ^^-l^^xl' 
i+j=i '■'' 



and: 



?r^ ® Id) U/i) + . E^^,^^\ ® ^.i ) = 0- 



As 9i is injective, we obtain with the induction hypothesis that /i = fiX k-2-a, so: 
This gives: 



6{x) = K^r^^/d) Yl ^^rr^^-i^^^ 

^-^ {k-a-2y.^ 

i-\-j=k-a-2 **^* 

= 0, 

so necessarily z^ = and x = fj,X k-i. 

Second step. Let x £ Ker(6). As 5 is homogeneous of degree 0, the homogeneous components 
of X are in Ker{5). By the first step, with A = 0, these homogeneous components, hence j;, belong 
ioVect{X^k,k>Q). □ 

2.2 Dual pre-Lie algebra 

As y is a graded pre-Lie coalgebra, its graded dual is a pre-Lie algebra. We identify this graded 
dual with ]K(xo,a;i) C 'K{{xq,xi))] for any words c, d, Xc{d) = 5c^d- The pre-Lie product of 
lK{xo,xi) is denoted by •. Dualizing proposition [9l we obtain: 

Proposition 11 1. For all word c, • c = 0. 

2. For all words c, d, {xqc) • d = xq{c • d). 

3. For all words c, d, {xic) • d = xi{c • d) + XQ{c\l]d) . 

Proof. Let tt, v, w be words. Then Xw{u • v) = 5(X^)(u iS" v). Hence, if d is a word: 

X(d{u»v) = 0, 

X^^diu»v) = {eo'^Id)o5{Xd)iu(g)v) + {9i0ld)oAuiiXd)iu(E)v) 

= XMiu)»^ + 0*i{u)[l}v), 

Xxid{u mv) = {di (g) Id) (g) 6{Xd){u (g) v) 

= Xd{9l{u)»v). 



Moreover, for all word c: 



9*(0) = 0, e*o{xoc) = c, e*oixic) = 
9i*(0) = 0, eiixoc) = 0, eiixic) = c. 



Hence, for any words c, d: 

X^^d{xoc • v) 

X^^d{xoc • v) 



Xd{c • v) 

X^^d{xo{x»v)), 



X^^d{xo{x • v))-, 



Xxod{xic»v) = XdicWlv) 

= Xx^d{xi{c»v) + xo{c[ilv)), 

Xxid{xic»v) = Xd{c»v) 

= X,j.^d{xi{c»v) + XQ{c[iiv)). 

Hence, for any w, X^ixQC* v) = X^(xo(2; • v)) and X^(xic» v) = X^((xi(c» v) + xq{c[Uv)). □ 
Examples. 



xq* xq = 


Xo • XqXo = 





Xi • XqXo = XoXoXo 




xo • xi = 


Xo • XoXi = 





Xl • XqXi = XqXoXi 




Xi • Xo = XqXo 


Xo • XiXq = 





Xl • XiXo = XqXiXq 




Xi • Xi = XqXi 


Xo • XiXi = 





Xl • XlXl = XoXlXl 




XqXo • Xo = 


XoXo • Xi = 


XqXi • Xo = XoXqXo 


XoXi»Xi = XqXoXi 


XiXo • Xo = 2xoXoXo 


XiXo'Xi = XqXoXi + XoXiXq 


XiXi»Xo = XiXqXq +X0X1X0 + XoXqXi 


XiXi • Xl = XlXoXi + 2xoXiXl 



Dualizing proposition [TOl 

Theorem 12 IK(xo,xi) = Vect{x'^,n > 0) © (]K(xo,xi) •]K(xo,xi)). Hence, {x^)n>o is a 
minimal system of generators of the pre-Lie algebra ]K(xo,xi). 

Proof. As • = 6*, Im{») = Ker(6) = Vect{Xx^^n > 0) . The first assertion is then 
immediate. As IC((xo,xi)) is a graded, connected pre-Lie coalgebra, lC(xo,xi) is a graded, 
connected pre-Lie algebra. The result then comes from the next lemma. □ 

Lemma 13 Let A be a graded, connected pre-Lie algebra, and V be a graded subspace of A. 

1. V generates A if, and only if, A = V + A* A. 

2. V is a minimal subspace of generators of A if, and only if, A = V®A»A. 

Proof. 1. =^. Let x ^ A. Then it can be written as an element of the pre-Lie subalgebra 
generated by t>, so as the sum of an element of V and of iterated pre-Lie products of elements of 
V . Hence, x G V + A» A. Note that we did not use the gradation of A to prove this. 

1. <;^. Let B be the pre-Lie subalgebra generated by V. Let x G An, let us prove that 
X G -B by induction on n. As Aq = (0), it is obvious if n = 0. Let us assume the result at all 
ranks < n. We obtain, by the gradation: 

n-l 



An — Vn ffi / J Ai • An- 



i=l 



So we can write x = Ax" -\-^Xi» yi, where Xj, yi are homogeneous of degree < n. By the 
induction hypothesis, these elements belong to i?, so x G -B. 
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2. =^. By 1. =^, A = V + A • A. If y n A • ^4 7^ (0), we can choose a graded subspace 
W (^V, such that A = W (B A* A. By 1. <;^, W generates A, so V is not a minimal system of 
generators of A: contradiction. So A = V (B A • A. 

2. ^. By 1. ^, y is a space of generators of A. li W C V, then W ® A* A (1 A. By 1. 
=^, W does not generate V. So y is a minimal subspace of generators. □ 

Proposition 14 For all x,y,z ^ K{xo,xi), 

(xlUy) • z = {x • z)\lly + x\A}{y • z). 

Proof. We prove it if x, y, z are words. If a; = 0, then: 

(0my).z = y.z = (0.z)my + 0m(u.z). 

If y = 0, the result is also true, using the commutativity of 111. We can now consider that x,y 
are nonempty words. 

Let us proceed by induction on k = lg{x) + lg{y). If /c = or 1, there is nothing to prove. 
Let us assume the result at all rank < k. Four cases can occur. 

First case, x = xqu and y = xob. Then: 

(xlAly) • z = {xo{a\A}xob) • z + {xo(xoalUb)) • z 

= xo{{a[l}xQb) • z) + xo{{xoa\A}b) • z) 

= xo{{a • z)[l]xob) + xo{a[l} {{xob) • z)) + a;o(((a;oa) • z)\A]b) + a:o(xoa 111(6 • z)) 

= xo((a • z)[l]xob) + a;o(al-IJ(a;o(6» •?)) + xo{{xo{a • z))\llb) + xo(xoaLIJ(6 • z)) 

= xo{a • z)\A]xob + xoa\A}xo{b • z) 

= (x • z)\lly + x\A}{y • z). 

Second case, x = Xia and y = xob. This gives: 

{x\l\y) • z = {xi^aUlxob)) • z + {xQ{xia\l}b)) • z 
= xi{{a • z)\l}xQb) + xi{a\l}xQ{b • z)) 

+XQ{a\l\xQb\l}z) + a;o(((a;ia) • z)\l}b) + a:o(xia 111(6 • z)) 
= xi((a • z)LIJxo6) + xi(aLIJxo(6» z)) 

+xo (a 111x06 111 z) + xo((xi(a»z))lll6) + xo((xo(alllz))lll6) + xo(xialll(6 • z)), 

(x«z)lll|/ = (xi(a»2:))lllxo6+ (xo(alll2:))lll(xo6) 
= xi((a • z)lll(xo6)) + xo(xi(a • z)lll6) 
+xo(alll2:lllxo6) + xo((xo(alllz))lll6), 

xlll(y»z) = xialllxo(6» z) 

= xi(alllxo(6 • z)) + xo(xialll(6 • z)). 

These computations imply the required equality. 

Third case, x = xqo and y = Xi6. This is a consequence of the second case, using the 
commutativity of 111. 
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Last case, x = Xia and y = xib. Similar computations give: 

{xilly) • z = xi{{a • z)\llxib) + xi{a\llxi{b» w)) + xi{a\llxQ{b\llz)) + xo{a\A}xiblUz) 

+xi{xia[l}{b» z)) +xi{{xi{a» z))[l}b) + xi{{xo{alUz))[Hb) + xo(aLIJxi6LIJz), 

{x» z)[l}y = xi{{a» z)[ilxib) + xi((xi(a • 2;))LIJ6) + xo(aLIJxi6LIJz) + xi{{xo{alUz))[l}b), 

xlU{y • z) = xi{a[l}xi{b • w)) + 2;i(aLIJxo(6LIJ2;)) + xi(xiaLIJ(6 • z)) + xo(aLIJxi6LIJz). 

So the result holds in all cases. □ 

3 Presentation of K(a:o,xi) as a Com-pre-Lie algebra 

Proposition [14] motivates the following definition: 

Definition 15 flO^ A Com-pre-Lie algebra is a triple {V,», 111), such that: 

1. {V, •) is a pre-Lie algebra. 

2. {V, 111) is a commutative, associative algebra (non necessarily unitary). 

3. For alla,b,c G V, {aiHb) • a = {a • c)[nb + a[n{b» c). 

For example, ]K(xo,a;i) is a Com-pre-Lie algebra. See [10] for an example of Com-pre-Lie 
algebra based on rooted trees. 

3.1 Free Com-pre-Lie algebras 

Definition 16 1. A partitioned forest is a pair {F,I) such that: 

(a) F is a rooted forest (the edges of F being oriented from the leaves to the roots). 

(b) I is a partition of the vertices of F with the following condition: ifx,y are two vertices 
of F which are in the same part of I, then either they are both roots, or they have the 
same direct descendant. 

2. We shall say that a partitioned forest is a partitioned tree if all the roots are in the same 
part of the partition. 

3. Let D be a set. A partitioned tree decorated by P is a pair {t,d), where t is a partitioned 
tree and d is a map from the set of vertices oft into D. For any vertex x oft, d{x) is called 
the decoration ofx. 

4- The set of isoclasses of partitioned trees will be denoted by VT . For any set D, the set of 
isoclasses of partitioned trees decorated by T) will be denoted by VT^D) . 

Examples. We represent partitioned trees by the Hasse graph of the underlying rooted 
forest, the partition being represented by horizontal edges. Here are partitioned trees with < 4 
vertices: 

.;I,„;Y,Y,1,L=J,_;Y,Y = Y,Y,V=\^,V = \^,Y,Y,1, 

Definition 17 Let t = {t,I) and t' = {t' , J) e VT. 
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1. Let s be a vertex of t' . The partitioned tree t "g t' is defined as follows: 

(a) As a rooted forest, t»s t' is obtained by grafting all the roots oft' on the vertex s oft. 

(b) We put I = {/i, . . . , Ik} and J = { Ji, . . . , J/}. The partition of the vertices of this 
rooted forest is I U J = {/i, . . . ,Ik,Ji, ■ ■ ■ , J/}. 

2. The partitioned tree t[Ut' is defined as follows: 

(a) As a rooted forest, tlllt' is tt' . 

(b) We put I = {/i, . . . ,/fc} and J = {Ji, . . . , Ji} and we assume that the set of roots 
of t is Ii and the set of roots oft' is Ji. The partition of the vertices of t[Ut' {/i U 
Jl,/2, . . . ,/fc, Ji, . . . , J/}. 

Examples. 

1. Here are the three possible graftings Y •<; .: Y, Y and Y. 

2. Here are the two possible graftings I ._ : Y and Y. 

These operations can also be defined for decorated partitioned trees. 

Proposition 18 Let T> be a set. We denote by Q-pfip) the vector space generated by VT{T)) . 
We extend 111 by bilinearity on Q-pYiV) ^'^^ ^^ define a second product • on Q-p-j-m) ^'^ ^^^ following 
way: ift,t' eVT{V), 

t»t' = ^ t»st'. 

s&V{t) 

Then {Q'PTiV)-,*^ LU) is a Coni-pre-Lie algebra. 

Proof. Let t,t',t" be three partitioned trees. 

If s',s" are two vertices of t, we define by t •g^g/ it',t") the partitioned trees obtained by 
grafting the roots of t' on s', the roots of t" on s", the partition of the vertices of the obtained 
rootes forest being the union of the partitions of t, t' and t". Then: 

(t.t').t" = J2 {t*s't')*t" 

s'<=Vit) 

Y^ {t*g,t')*gnt"+ Yl {t*s't')*s"t" 

s',s"£V{t) s'£V{t),s"£V(t') 

Y ^•s's"{t',t")+ Yl t*g,{t'*g„t") 
s',s"£V{t) s'£V(t),s"£V(t') 

Y t*g>g" {t',t")+t»{t'»t"). 
s',s"GV(t) 

So (t • t') • t" — t • (t' • t") is clearly symmetric in t and t', and • is pre-Lie. 

Moreover, {t[nt')[nt" = tLiJ(t'LiJt") is the rooted forest tt't", the partition being {/i U Ji U 
Ki,l2, . . . ,Ik, J2, ■ ■ ■ tJi,K2, . . . ,Km}, with immediate notations; tlllt' = t'lllt is the rooted 
forest tt', the partition being {/i U Ji, /2, . . . , Ik, J2, ■ ■ ■ , Jl}- So 111 is an associative, commutative 
product. 

Finally: 

{t[Ht')»t" = Yl {t^t')»gt"+ Y (.t^t'):s't" 

sGV(t) s'ev(t') 

= Y {t»st")[i}t'+ Y t^it'^s't") 

sev{t) s'£V{t') 

= {t»t')[l}t" +t[l}{t' mt"). 
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So Q'p'j-ip) is Com-pre-Lie. □ 

In particular, Q-pfiV) is pre-Lie. Let us use the extension of the pre-Lie product • to S{Q'pf(p\) 
defined by Oudoni and Guin |12| 113) : 

1. If ti, . . . ,tfc G QvTiV), ti . . .tk»l = ti . . .tk- 

2. If t, ti, . . . , tfc G 0pr(X>)i t • ti • • • tfc = (t • ti • • • ifc-i) • tk — t • {ti . . . tk-i • tk). 

3. If a, 6, c G 5(0p7-(x))), ab • c = (a • c(^))(6 • c*^^)), where A(c) = c*^-*^) c*^^) is the usual 
coproduct of 5'(0-p7-(75)). In particular, if ti, . . . , tfc, t G VT{T>): 

k 

ti . . .tk • t = y^ji . . . [tj • t) . . .tk- 

i=l 

Lemma 19 Lei t = {t,I),ti = {ti,I^^'), . . . ,tk = (tk,!^''') be partitioned trees {k > 1). Let 
si,. . . ,Sk G y{t). The partitioned tree t»si,...,s;, (ii, • • • ,tk) is obtained by grafting the roots of ti 
on Si for all i, the partition being I U /'^^ U . . . U T ' . Then: 

t»ti...tk= 2_^ t*si,...,sk{h,---,tk)- 

Proof. By induction on k. This is obvious if /c = 1. Let us assume the result at rank k. 

k 
t • il . . . tk+1 = {t • ti . . . tk) • tfc+1 — 2_^ t • (tl . . . (tj • tfc+l) ■ ■ -tk) 

k 

= 2^ {t*si,...,sk {ti, ■ ■ ■ ,tk)) 'tk+i — 2_^ /_^ t»{ti...{ti»stk+i)...ti) 

si,...,Sk&V{t) i=l s&V{U) 

= 2^ (i»si,...,Sfe (*!,••• jifc)) "sfc+i 4+1 

si,...,Sfe+iGV(i) 
k 

+ Z_^Z_^ {'t*Sl,...,S^:{tl,---,tk))»stk + l 

i=l s&V(h) 
k 
— / , / , / , t»s-i^,...,st,{tl,---,ti»stk+l,---,ti) 

i=l si,...,s^.eV{t)sGV{ti) 

= 2^ i»si,...,Sfc+i (4,- • • ,ifc+l)- 

si,...,sk+iev{t) 
Hence, the result holds for all k. □ 

Theorem 20 Let T> be a set, let A be a Com-pre-Lie algebra, and let a^ G A for all d G T>. 
There exists a unique morphism of Com-pre-Lie algebra (j) : Q-p-ym) — > A, such that <j){.d) = Od 
for all d £ T>. In other words, Q-p-j-m) is the free Com-pre-Lie algebra generated by T>. 

Proof. Unicity. Let t G T"'^. We denote by ri, . . . ,r„ its roots. For all 1 < i < n, let 
ti,i, ■ ■ ■ , ti^ki be the partitioned trees born from Tj and let di be the decoration of r^. Then: 

t = (.di» tl,l . . . tl,fci)LU . . . LIJ(.d„« in,i • • • tn,kn)- 

So (j) is inductively defined by: 

0(t) = {aa, • Hti,i) . . . (/>(ti,fcj)m . . . m(ad„ . 0(t„,i) . . . 0(tn,fcj). (1) 
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Existence. As the product 111 of A is commutative and associative, ([T]) defines inductively 
a morphism </> from Q-pq-m) to A. By definition, it is compatible with the product 111. Let us 
prove the compatibility with the product •. Let t,t' be two partitioned trees, let us prove that 
(j)(t • t') = (j){t) • (/>(t') by induction on the number N of vertices of t. If N = 1, then t = .d and: 

<t){ft') = ad*ct){t') = <i){t)*(l){t'), 

by definition of t' . If A^ > 1, two cases are possible. 

First case. If t has only one roots, then t = .d * ti . . .t^, and: 

k 

t • t = . d • t\ . . .t^t + 2_^ .d*t\. . .tiot •tfc. 

i=\ 

Using the induction hypothesis on ti, . . . , t^: 

k 
^{t»t') = ad*(li{ti)...(t>{tk)(t>{t')+Y,ad*<P{ti)...(t^{tiot')...(t>{tk) 

i=l 
k 

= ad • (ti{ti) . . . Htk)Ht') + ^ad» mi) ■ ■ ■ Hh) o <P{t') ■ ■ ■ Htk)) 

i=l 

= {ad*^{ti)...<i){tk))*<p{t') 

= m'Ht')- 

Second case. If t has k > 1 roots, we put i = tiLLI . . . LLItfc. The induction hypothesis holds 
for ti,...,tk, so: 



(j)(tot') = ^(/>(timti«t'm...mtfc) 

k 
= ^(/>(ti)m(/)(t,.t')^---^'A(tA:) 



k 



Y,Hti)wHu)»Ht')i^---^<P{tk 



i=l 



= (</)(ti)m...m(/.(tfc)).,^(t') 
= (l^{t)»<P{t'). 

Hence, 4> is a morphism of Com-pre-Lie algebras. □ 

3.2 Presentation of K(a;o,xi) as a Com-pre-Lie algebra 

Proposition 21 ^45 a Com-pre-Lie algebra, lC(xo,a;i) is generated by and xi. 

Proof. Let A be the Com-pre-Lie subalgebra of ]K(j;0)a^i) generated by and xi. For all 
n > 1, it contains x^"^ = nlx^, so it contains x" for all n > 0. As ]K(xo, xi) is generated by these 
elements as a pre-Lie algebra, A = ]K(xo, xi). □ 

We denote by (pcPL ■ 0-pT{{i,2}) — ^ ^^(a^OjS^i) the unique morphism of Com-pre-Lie algebras 
which sends . i to and .2 to . 2 . By proposition [21] it is surjective. 

Lemma 22 Let ti,...,tkG VT{{1, 2}). 
1- 4>cPL{-i»ti---tk) = Qifk>l. 
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2. (l)cPL{-2»ti...tk) = ifk>2. 

3. IfteVT{{l,2}), <t^cPL{.2»t)=XQ(t>cPL{t). 

Proof. We prove 1.-3. by induction on k. If /c = 1: 

<PCPL{-I»t) = ^•(l)CPL{t) = 0, 
(pCPL{-2»t) = Xi»(pcPLit) = Xo4'CPL{t). 

Let us assume the results at rank k — 1 > 1. Then: 

<t>CPL{-i •ti---tk) = $»4'CPL{tl) ■■■4>CPL{tk) 

= (0 • (pCPLih) ■ ■ ■ (t>CPL{tk~l)) • 4>CPL{tk) 
k 

- ^ • 4>CPL{h) . . . (pCPhiU 'tk) ■■■ 4>CPL{tk-l) 
i=l 

= 0-0, 

0CPl(-2 • tl ...tfc) = Xi»(f>cPL{tl) ■■■4>CPL{tk) 

= {xi • 4>CPL{h) ■ ■ ■ (t>CPL{tk^l)) • <f>CPL{tk) 
k 

-^Xi • 4>CPL{tl) ■■■<PcPL{ti»tk) ■ ■ ■4>CPL{'tk~l)- 
i=l 

If /c > 3, the induction hypothesis immediately allows to conclude that (pcPli-i • ti . . . tfe) = 
0-0 = 0. If A: = 2, this gives: 

<PcPL{-2»tit2) = {xi»4>CPL{tl))»4>CPL{t2)-Xi»4>CPL{tl»t2) 
= {xQ4>CPL{tl)) • <PcPL{t2) - Xo4>CPL{h • ^2) 
= Xo{(pcPL{h) • <PcPL{t2)) - Xo4>CPL{tl • ^2) 

= 0. 
Hence, the result holds for all /c > 1. D 

Lemma 23 For all t G VT{{1,2}), (pcPhit) is a linear span of words of length the number 
of vertices oft decorated by 2. 

Proof. By induction on the number of vertices N oi t. If iV = 1, then i = .1 or .2 and the 
result is obvious. Let us assume the result at all rank < N. 

First case. If t has only one root, we put t = .i • ti . . .tk- By the preceding lemma, we can 
assume that i = 2 and k = 1. Then (pcPlit) = XQ(j)cPL{ti) ^-nd the result is obvious. 

Second case. If t has k > 1 roots, we put t = ti 111 ... LLItfe. Then (pcPliti) is equal to 
0CPl(^i)LU • • • [l^ipcPlitk) and the result is immediate. D 

Lemma 24 We define inductively a family F of elements o/PT({l,2}) by: 
1. F(l) = {.,,.,}. 



2. F{n + l) = (.2 • F{n))\j\J{F{i)\l}F{n + I - i)). 

3. F=\J F{n). 



i=l 



n>l 
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Let t £ VTi{l, 2}). Then (pcpUt) / if, and only if, t £ F. 

Proof. =^. We proceed by induction on the number N of vertices of t. This is obvious if 
A^ = 1. Let us assume the result at all rank < A^. 

First case. If N has only one root, we put N = .i •ti . . .t^. By lemma |22| i = 2 and k = 1. 
Then (pcPLit) = xo<PcPLiti)- By the induction hypothesis, ti £ F , so t £ F. 

Second case. If N has k > N roots, we put t = tiLLI . . . LLIifc- Then: 

(Pcpiit) = (i)cPL{ti)[n(t)cPL{t2ii^ . . . mtfc) / 0, 

so by the induction hypothesis, ti and t2Ul . . . [Ut^ £ F, and t £ F. 

■^=. Let t £ T{n). We proceed by induction on n. It n = 1, this is obvious. If n > 1 then 
t = .2 mt', with t' £ F{n - 1), or t = t'LUt", with t' £ F(i), t" £ F{n - i). In the first case, 
by the induction hypothesis, (pcPlit') 7^ and (j)cPL{t) = XQ(j)cPL{t') 7^ 0. In the second case, 
4'CPL{t'),(pcPLit") / by the induction hypothesis, so (pcpUt) = (/>cPL(t')LU0CPL(i") / 0. □ 

We define a second family of elements of 'PF{{1, 2}) in the following way: 

L ni) = {•!,-}. 

2. F'{2) = {.2[u.2,n,n}. 

n-\ 

3. F'(n + 1) = (.2»F'(n))U (J (F'(i)mF'(n + 1 - i)) U (.2mF'(n)) if n > 2. 

4. F' = y F'in). 

n>\ 

We define a map vr from F to VT{{1, 2}) in the following way: 

1. 7r(.i ) = .,: if i = 1, 2. 

2. 7r(.iLiJ ... Lil.i) = .1. 

3. Ift = .iLU ... LU.iLUtiLiJ ... Liltfc, k > 1, with ti, . . . , tfc / .i, then7r(t) = 7r(ti)liJ ... LiJ7r(tA:). 

4. If t = .2 • ii . . . tfc, then 7r(t) = .2 • 7r(ti) . . . '7r(ifc). 

Lemma 25 n is a projection on F' and (pcPL o tt = (pcPLip- 

Proof. Let t £ F. Let us prove by induction on the number N of vertices of t that: 

1. 7r(t) £ F'. 

2. IftGF', 7r(t) =t. 

3. (/^CPL o 7r(t) = 4>cPL{t)- 

4. If 7r(t) = . 1 , then t = . 1 ^" for a particular n. 

All these points are immediate if A^ = 1. Let us assume the result at all rank < N, N > 2. We 
put t = .1 111 ... LU.iLUtiLiJ ... Liltfc, A; > 0, with ti, . . . , t^ / .1. 
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First case. If A; > 2, then 7r(t) = 7r(ti)LIJ . . . LIJ7r(t;j). By the mduction hypothesis, 7r(ti), . . . ,7r(tfc) G 
F' and are not equal to .1, so 7r(t) G F'. By the induction hypothesis, 7r(ti) 7^ .1, so 7r(t) 7^ .1. 
Moreover: 

^cPL{t) = (/'cPL(.i)m...m(/.cPL(.i)m(/.cPL(ii)m...m(/.cPL(tfe) 
= 0m . . . min(j)cpL o vr(ti)m . . . m^cPL ° ^(^fc) 

= 0cPL(vr(ti)m...m7r(tfc)) 
= (t>CPL°'^{t). 

If t G F', necessarily t = tiLLI . . . LLItfc, and ti,...,tk G F'. By the induction hypothesis, 
7r(ti) = ti,..., 7r(tfc) = tfc, so 7r(t) = t. 

Second case. If /c = 1, as ti G i^, we put ti = .2 • s. Then 7r(t) = .2 •vr(s). By the induction 
hypothesis, 7r(s) G F', so 7r(t) = F'. Moreover: 

fpCPLit) = (/)cpl(-i)LU ••• LU(/'cpl(-i)LU(<Acpl(-2)»</'cpl(s)) 

= 0m...m0m(0cPL(.2).0cPL(s)) 

= <AcPL o 7r(. 2 ) • (pc'PL ° 7r(s) 

= 4>CPL°'^{t)- 
If t' G -F', then s G -F', and t = .2 • s. Then 7r(t) = .2 • vr(s) = .2 * s = t. 

Last case. If A; = 0, all the results are obvious. □ 

Lemma 26 Let t,t' G VT{{1,2}). Then: 

(t>CPL ((.2 • t)m(.2 • t')) = cPcPL (.2 • ((.2 • t)[l}t' + tm(.2 • t'))) . 

Proof. Indeed, putting w = 4>cPL{t) and w' = (pCPlit'): 

4>cpl{{-2 •t)ili{.2 't')) = xqwIUxow' 

= xo{wIUxqw') + xq{xow\A}w') 

= (pcPL {-2 • {{.2 • t)n}t' + tini.2 • t'))) . 

We used lemma [22] for the first and third equalities. □ 

Theorem 27 The kernel of (j)cPL is the Com-pre-Lie ideal generated by the elements: 

1. .1 •ti...tfc, where k > 1, ti, . . . ,tk £VT{{1,2}). 

2. .2 •*!... ifc, where k >2, ti, . . . ,tk GPr({l,2}). 

3. .lUit-t, wheret£VTi{l,2}). 

4. (.2 •t)LiJ(.2 •t')--2 •((•2 •t)LiJt'-tLiJ(.2 't')), where t,t' €'PT{{1,2}). 

Proof. Let / be the ideal generated by these elements. Lemmas 1221 and l26l prove that the 
elements 1., 2. and 4. belong to Ker{(j)cpL)- Moreover, for all t G 'P7'({1,2}), 7r(.iLiJt) = vr(t). 
For all tGPr({l,2}): 

(/.CPl(.i ^t) = %n}(t)CPL{t) = (pCPLit), 

SO elements 3. also belong to Ker{(l)cPL)- Hence, / C Ker{(j)cPL)- 

Let h = Q-pT {{1,2}) / 1 ■ As the elements 1. and 2. belong to /, h is linearly spanned by the 
elements t, t G F. As the elements 3. belong to /, for all t £ F, 7r(t) =t. As vr is a projection 
on F' , h is linearly spanned by the elements t, t € F'. 

We now define inductively two families of partitionned trees in the following way: 
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1. r"(l) = {.2}andF"(l)={.i,.2}. 

2. r'(n+l) = .2.F"(n). 

n+l 



J- y(-y i_i_i • -A 

1=1 



3. F"(n + i)= Ur"(i)m.2^(" 

1=1 
4. F" = U F'\n). 



Let us prove that for all t G F', there exists t' G Vect{F"^ such that t = t' . We proceed by 
induction on the number N of vertices of t. If A^ = 1, then t = .\ or .2 and we take t' = t. Let 
us assume the result at all rank < N. We put t = tiLLI . . . LiJtfcLiJ.2 111 ... 111.2, with tj = .2 • Sj, 
Si ^ 1, for all 1 < i < k. We proceed by induction on k. If /c = 0, we take t' = t = .2lll...lll.2. 
If A: = 1, then, by the induction hypothesis on N applied to si: 



t = {—•sT)[n—[n...[n—= (77.4)^— m...mT7= (.2 •s'i)m.2m...m.2. 

We take t' = (.2 • Si)LiJ.2 Lil . . . LiJ.2, which clearly belongs to Vect{F"), as s[ G Vect{F"). Let 
us assume the result at all rank < k. Then, as the elements 4. belong to /: 



tlLUt2 = -2 •(tlLUs2) + .2 •(Sl»t2), 

T 



so: 



t = t;mt3^...^tfe^-2m...m.2 +t'/mt3^...^tfc^.2m...m. 



By the induction hypothesis on k applied to these two partitionned trees, there exists x'^ and 
x'l £ Vect{F"), such that t = x[ + x'{. We take t' = x'l + x'(. Consequently, the elements t, 
t £ F" , linearly span h. 

Let t G F"{n). Then it has n vertices, and at most one of them is decorated by 1. We 
denote by F['(n) the set of elements of F"{n) with one vertex decorated by 1, and we put 
F^'(n) = F"{n) \ F{'(n). Let us prove that for all n > 1, \Fl{n + 1)| < 2"^-^ and |F^'(n)| < 2"-i. 
For n = 0, as FF[{2) = {12} and F2{1) = {•2}, this is immediate. Let us assume the result at 
all rank < n. Then: 

n+l 



F^'{n + 1) = J .2^("+^"^)mT"(i)nF^'(i) 

j=l 

n 

= {.2^("+^)}uU-2^^"+'"'^m.2.F^'(i). 



i=l 

Hence, \F^{n +l)|<l + l + 2 + ... + 2""! = 2". 



n+2 

Ff(n + 2) = J .2^("+2-^)mr"(i)nFi"(i) 

i=l 

n+2 

= u •2^^"'"'"'^^-2-^i"(^-i) 

j=2 



Hence, |F{'(n + 2)| < +1 + 1 + . . . + 2"-^ = 2". 
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Let (j)Api be the linear map induced by (j)cPL on h. If t G F['{n), by lemma l23| <Papl^) i^ ^ 
linear span of word of length n — 1. If t G F2{n), by lemma [23| (Papl^J) i^ ^ linear span of word 
of length n. Hence, for all n > 0: 

'4>APL{Vect{F^{n)) + Vect{F{'{n + 1))) C yert(words of length n). 

As (pcPL is surjective, we obtain: 

0APL(^ect(F2'(n)) + Vect{F['{n + 1))) = yect(words of length n). 

Moreover, as (ii?7T-(yect(words of length n)) = 2" and dim{V ect{F2 {n)) + Vect{Fl'(n + 1))) < 
\F^'{n)\ + \F['{n)\ < 2^-1 + 2'^"^ = 2", the restriction of 0^Pi to Feci (F^'(n)) + yect(Fi"(n + l)) 
is injective. Finally, 4>apl is injective, so Ker{4>cPL) = I- ^ 

4 Presentation of K(xo,xi) as a pre-Lie algebra 

4.1 A surjective morphism 

Let 07-m*) be the free pre-Lie algebra generated by N*, as described in [1]. It can be seen as 
the subspace of Q-pTm* ) generated by rooted trees (which are seen as partitioned trees such that 
any part of the partition is a singleton) , with the restriction of the pre-Lie product • defined by 
graftings. For example, in 07-m*)) if a, b,c,d > 0: 



t 6 . t d — ''Y^'^ I I b 



J 6 Jd —"Y^ Iff) 

This pre-Lie algebra is graded, the degree of a tree being the sum of its decorations. 

By theorem [T^l there exists a unique surjective map of pre-Lie algebras $pl : Q-j-m*) — > 
lC(xo,2;i), sending .„ to x"~ for all n > 1. As x\~ is homogeneous of degree i for all i, this 
morphism is homogeneous of degree 0. 

Notation. If ti . . . tk £ T{W) and n G N*, we put: 

Bnih ■ ■ -tk) = 'n • ti . . .tk- 

This is the tree obtained by grafting ti, . . . , t^ on a common root decorated by n. 

Proposition 28 Let t = Bn{ti...tk) G T(N*). We put (f)pLiti) = Wi for all 1 < i < k. 
Then: 

I /,\ f a^ott'iLLI . . . LUa^ouifeLLIx? if k < n, 

(pPL{t) = \ n A ■ "> ^ ^ 

[ U otherwise. 

Proof. As 0-p7-({i,2}) is pre-Lie, there exists a unique morphism of pre-Lie algebras: 

, . J 0r(N*) -^ 0VTi{i,2}) 

W ■ \ > 1 LU n-l) 

Then (/)apl o ip is a pre-Lie algebra morphism sending .„ to . ^i\i ^i = ^i~ for all n > 1, 

so (pAPL o V' = (pPL- We obtain, by lemma [T9l 



V^l-.-ti-.-ifc) = T^^^.2^("-^).(V(ti)...V'(ifc)) 



^ ^ /iU...U/„={l,...,A:} \Je/i / \ielk 
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Let us apply (pAPL to this expression. If |/,| > 2, by theorem 1271 



iPLK-2 



(•2» n*^ 



0. 



, ie/. 



Consequently, if A; > n, at least one of the /-,• contains two elements, so (t)APL°''P{t) = 4'PL{'t) = 0. 
Let us assume that k < n. Hence, using the commutativity of 111 : 



^Pli-n •tl...tk) 



1 



n-1) 



J2 xi.rQu;, m...mxi.m 



Wi 



/lU...U/„ = {l,...,fc},l/j|<l 



,«G/i 



,«6/fc 



n-1)! 



E 



xi • Will] . . .xi» WkUAxi 



LU(n-l-fc) 



(,:{!,..., A;} — >{l,...,n — l},injective 



n-1) 



E 



xqWi LLJ . . . XQWk LLJ Xi 



LU(n-l-fc) 



(.:{!,..., fc} — >{!,...,«— l},injective 



n-l)...{n-k) Lu(n-i-fc) 

XqWiUJ . . .XoWkU-iX^ 



(n-1)! 
n — 1) ... (n — k){n — 1 — k)\ 



xqWi LLJ . . . XQWk LU x^ 



n—l—k 



(n-1)! 
= xott^iLLJ . . . xoW/cLLIa;" 

which is the announced result. 



Corollary 29 Let si, . . . ,Sk,ti,... ,ti G Ti{N*), k,l>0. For aUi,j,n > 1: 

cppL {Bn+l{{Bi{si . . . Sk)Bj{ti . . . ti))) 
= (pPL {BniBi+i{si . . . SkBj{ti . . . ti))) + (j)pL {Bn{Bj+i{Bi{si . . . Sk)ti . . . tl)) . 
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Proof. We note: 

Tl = Bn+i{{B,{si...Sk)Bj{ti...ti)) 

T2 = Bn{Bi^i{si . . . SkBjiti ...tl)) 
T3 = Bn{Bj+i{Bi{si...Sk)ti...ti) 



.„ + !• ((.i • Si ...Sfc)(.j -tl . . .tl)), 
.„• (.i + l» (Sl ...Sfc(.;, • tl ...tl))), 
.„• {.j + l»{{.i • Sl...Sk)tl ...tl)). 



If A; > i, or / > j, or n = 1, all these elements are sent to zero by (ppi by proposition [28l Let us 
assume now that k < i, I < j, n < 1. We put Vi = (f)pLisi) and Wi = (t)pL{ti)- Then: 



i-^i\ iii^"-2 



(t)pL{Ti) = XQ{xQVl\l}...\l}XQVk\lSx'^'-'')\l}XQ{xQWl\l}...\l}X0Wl\l}x\'')\l}x1 

" V ' ^ V ' 

X Y 

= xoxmxoYinx'i^^, 

^pl{T2) = xo(xoVi[l}...[l}xo{xoWi[l}...[l}xowi[Ux{~^~^)[Hx\'^''')[l}x'l-^ 

= xoiX[HxoY)[Hx'l-^, 
(J)pl{T3) = xoixoixoviil] . . . [l}xoVkinx\-^-'')[Hxowi[l}xowi[l}x{'^'^)[l}x'^-^ 

= xo(a;oxmy)ma;^-2. 

As xqXUIxqY = xq{X[UxqY) + Xo{xqX[UY), we obtain the result. 

Theorem 30 The kernel of (j)pL is the pre-Lie ideal generated by: 
1. Bi{ti...tk), where k > 1, ti, . . . ,tk GT{W). 



D 
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2. Bn+iiBi{si . . . Sk)Bj{ti . . . ti))-Bn{Bi+i{si . . . SkBjih . . . ti))-Bj+i{Bi{si . . . Sk)ti . . . U)), 
where k,l > 0, si, . . . ,Sk,h, . . . ,ti e T{W). 



Proof. Let / be the ideal generated by these elements. By proposition 1281 and corollary 1291 
/ C Ker{(f)pL). We put h = Qt(n*)/I- Applying repeatedly the relation given by elements of 
the second form, it is not difficult to prove that for any t £ ^(N*), there exists a linear span 
of ladders t' such that t = i' in h. Moreover, by the relation given by elements 1., if one of the 
vertices of a ladder t which is not the leaf is decorated by 1, then i = 0. Let us denote by L{n) 
the set of ladders decorated by N*, of weight n, such that all the vertices which are not the leaf 
are decorated by integer > 1. It turns out that h is generated by the elements t, t £ L = [j L{n). 

Let (j)PL be the morphism form h to ^.{xqjXi) induced by (j)pL- By homogeneity, as cppi is 
surjective, for all n > 1: 

(j)pi^{Vect{L{n))) = yect(words of degree n). 

In order to prove that / = Ker[(j)pL), it is enough to prove that (ppi^ is injective. By homogeneity, 
it is enough to prove that <^|yect(L(n)) i^ injective for all n > 1. Hence, it is enough to prove that 
for all n > 1, 

|-L(n)| = dimiy ect{woT:ds of degree n)) = p„, 

where the p„ are the integers defined in proposition (8] Let /„ = |L(n)| and q^ be the number of 
t G L{n) with no vertex decorated by 1. Then for all n >2, In = qn+ Qn-i, and li = 1. We put: 



L = ^/,x", g = ^g„x". 



n=l n=l 

We obtain P = X + Q + XQ. Moreover: 

i>2 

Finally: 

So, for all n > 1, |L(n)| = Pn- CH 

As an immediate corollary, a basis of h is given by the classes of the elements of L. Turning 
to IK(a;o,a;i), we obtain: 

Corollary 31 Let w = ai . . . a^ be a word with letters in N*. 

1. We put: 

m^ = x1'-^ . (xl''^ •{... (x"'=-^~^ . xf ) . . .)• 

2. We shall say that w is admissible if ai, . . . ,ak-i > 1- The set of admissible words is 
denoted by Adm. 

Then {myj)yj<^ji^dm is a basis of'K{xQ,xi). 

Remark. If w is not admissible, that is to say if there exists 1 < i < k, such that Oj = 1, 
then niyj = by proposition |28l 

We extend the map w — > rriyj by linearity. 
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4.2 Pre-Lie product in the basis of admissible words 
Notations. 

1. For all k,l, we denote by Sh{k,l) the set of {k,l)- shuffles, that is to say permutations 
C e &k+i such that C(l) < . . . < C{k), ({k + 1) < . . . < C{k + I). 

2. For all k, I we denote by Sh^{k, I) the set of {k, /)-shuffles (" such that C~^(^ + I) = k. 

3. For all k, I we denote by Sh^{k, I) the set of [k, /)-shuffles (" such that C~^(^ + = k + 1. 

4. The symmetric group (3„ acts on the set of words with letters in N* of length n by permu- 
tation of the letters: 

a.{ai ...an) = a^-i^i^ . . . a^-i(„). 

Proposition 32 Let ]K(N*) be the space generated by words with letters in N*. We define a 
dendriform structure on this space by: 

{ai...ak) <{hi...bi) = ^ C-Oi • • • Ofc^i . . . 6fc_i(6fc + 1) 

Ce5h^(fc,0 

{ai...ak)>- {bi...hi) = ^ C-o-i ■ ■ -ak-iiak + l)bi . . .bk- 

C&Sh^{k,l) 
The associative product -< + >~ is denoted by -k. 

Proof. We denote by Sh{k, I, m) the set of A;-|-/-|-?TT,-permutations such that C(l) < . . . < C(^)) 
C{k + l)< ...<C{k + l),C{k + l + l)<...C{k + l + m). Then: 

{ai . . . Ok < bi . . .bi) < ci . . . Cm = ai . . . Ok < {bi . . .bi -k ci . . . Cm) 
= ^ C.ai...akbi...{bi + l)ci...{cm + l)] 

Cl^Sh{k,l,m)X-'^ik+l+m)=k 

{ai...aky bi...bi) -<ci...Cm = ai...aky {bi...bi ^ci...Cm) 
= ^ C-oi... (ofc + l)6i ...6/ci ...(cm + 1); 

C£Sh{k,l,m.),C-'^{k+l+m)=k+l 

{ai. . .ak*bi...bi) y ci. . .Cm = ai---aky (bi-.-ky ci. . .Cm) 
= ^ C-ai ■■■iak + l)bi...{bi + l)ci... Cm- 

C£Sh{k,l,m),C-'^{k+l+m)=k+l+m 

So K((N*)) is a dendriform algebra. □ 

We postpone the study of this dendriform algebra to section 15.21 



Notations. For all ai, . . . , a^ G N*, we denote by l[ai . . . Ok) = Ba^ o . . . o Ba^. (1) the ladder 
decorated from the root to the leaf by ai, . . . , a^. Note that nria^a^ = (pPlili'^i ■ ■ ■ ^k))- 

Lemma 33 Let k,l > 1 and let ai, . . . ,ai,bi, . . . ,bi G N*. Then: 

<t)pL{Ba,+i{l{a2 ■ ■ ■ ak)l{bi ...h)) + Bb-,+i{l{ai . . .ak)l{b2 ■ ■ -bi)) = mai...ak*bi...br 

Proof. By induction on A; + /. If A; = / = 1, then: 

</'PL(lal + l+ Ifti+l) = "T'(ai+l)fei+{()i+l)ai ="101*61- 
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Let us assume the result at all ranks < k + 1. If /c = 1, then: 
= <j)pL{Ba,+l{l{b2 ■ ■ ■ h)) + Bb,+l{l{ai)lib2 . . . bi)) 

= <i)pL{-a^ + i»l{b2.-.bi) + .6i + i» {l{ai)l{b2 . . .bi))) 

= (pPLiKiai + 1)62 • • • k)) + 0pl(. ,,• (/((ai + 1)62 . . . 60 + .6, + 1 • (/(ai)/(fe3 • • • k))) 

= '>TT'iai+l)b2...bi + '>TT'bi{ai*b2...bi) 

= "T'(ai+l)b2...fei + Z2 '^bi..Mai+l)-bi + "i6i...(6,+l)ai 
1=1 
^^a\-kb\...bi- 

If / = 1, a similar computation, permuting the Oj's and the 6j's, proves the result. If /c, / > 1, 
then: 

<i)pL{Bai+i{l{a2 ■ ■ ■ ak)l{bi . . . h)) + Bb-^+i{l{ai . . . ak)l{b2 ■ ■ ■ k)) 
= <pPL{-a^» {.a2 + i»l{a3---ak)l{bi...bi)) + .6^ + i» ^(ai . . . afc)/(62 . . . 6/))) 
+4'PLi- 6i» (• ai + 1» 1(0-2 ■ ■ ■ ak)l{b2 . . . k)) + . 62 + 1 • l{ai . . . ak)l{bz ■ ■ ■ k))) 

— ''^ai{a2...ak'kbi...bi)+bi{ai...ak'kb2...bi) 
= ^T^ai...ak*bi...bi- 

Hence, the result holds for all k,l > 1. □ 

Theorem 34 For all ai, . . . ,0^,61, . . . ,bi £ N*; 

fc-i 

"1-ai...afc * 'mbi...bi = 2_^''^a.l---a.i-lia-i-'^)ia-i+i---ak*bi---bi) + "^ai-.-afefei-.-fer 
i=l 

Proof. By definition of ma^tj...tp if A; = 1, ma^ • mii-^in = maj^h-i^...bi- So the result holds if 
k = 1. Let us assume that k > 2. In 07-(n*)) we have: 

/(ai ...at) '/(bi ■■■bi) = .a,» {l{a2 ■■■ak) • /(61 ■■■bi)) + . a^* l{a2 ■ ■ ■ ak)l{bi ...bi). 

Applying ^p^: 

mai...ak • mbi...bi = "lai(a2...afe).(6i...6,) 

+0PL(-ai - i» (.a2 + 1^03 • • • ak)l{bi . . . bi)) + .6^ + 1 • l{ai . . . ak)l{b2 ■ ■ ■ k))) 

= 1^ai{a2...ak)»{bi...bi) + "^(ai-l){a2...afc*6i...6;)) 

by the preceding lemma. The result follows from an easy induction. D 

Remark. In particular, mi o rrn,^ i^ = 0. 

Corollary 35 Let oi . . . a^, fei . . . 6/ be two words with letters in N*. Then ma^^^^a^ • '7i6i...6; 
is a span of m^, where w is a word with k + / letters and of weight oi + . . . + a^ + 61 + . . . + 6/. 

Hence, IK(xo,a:i) is a bigraded pre-Lie algebra, with: 

K(xo, xi)„,fc = Vect{ma^,„ak \ ai + . . . + Ok = n). 
We put: 



G=Y, ^^m(K(xo,xi)„,fc)X"y'= 



fc,n>0 
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Proposition 36 G = ^-^I^ = E E (r-l)^"^'- 



fc=l«=2A;-l 



Proof. Note that dim(K{xQ,xi)n^k) is the number of words ai . . . Uk of length k, such that 
oi, . . . , afe-i > 2, and oi + . . . + Ofc = n. Hence: 

^"^ xy XF 1 XF 



^_^fX^YY-' XY 

fc=i ^ ^ 



X l-Xi_2f£^ i-x-x^y 

1 — ^ 

An easy developement in formal series gives the second formula. □ 

4.3 An associative product on 0r(N*) 

We now define an associative product on Q-j-m*)! in such a way that (f)pL becomes a morphism 
of Com-pre-Lie algebras. 

Proposition 37 We define a product 111 on Q-j-m*) ^V- 

-k-1 jBp+q-l{si...Sktl...tl). 

Then Q-ym*) is a Com-pre-Lie algebra and (ppL is a morphism of Com-pre-Lie algebras. 

Proof. As {^^1Ztz['^) = (^^glf-^i^^)' ^ is commutative. Let t = Bp{si...Sk), t' = 
Bq(»ti . . .ti) and t" = Bj.{ui . . . Um)- Then: 

+ \\\f^'\\\^"\ fq + r-l-m-2\fp + q + r-k-l-m-3\ / . . ^ 

tLLI(tLLIt)= \ Bp+q+r-2{si...Sktl...tiUi...Um), 

\ q — I — I J \ q + r — I — m — 2 J 







A 




/p-\- q- k - I - 


-2\ 


fp-\-q + r — k — I — m- 


-^\ 


V p-k-1 


J 


V p+q-k-l-2 


) 



(tLIJt)LIJt =( „ ,^ 1 ){ „,„,., o ] Bp+q+r-2{si...Sktl...tiUi...Ur. 

B 
li p < k or q < I or r < m, then A = B = 0. li p > k and q > I and r > m, then: 

(p + q + r — k — I ~ m — 3)\ 
~ {p-k-l)\iq-l-l)\{r-m- 1)! ' 

So 111 is associative. 

Let ti = Bp{si . . . Sk), t2 = Bq{ti ...ti) and t G T{W). Then: 

-k-\ jBp+q-l{si...Sktl...tlt) 

Efp + q — k — l — 2\ 
I -h-l \Bp+q-l{Sl...{Si»t)...Sktl...tl) 

Efp + q — k — l — 2\ 
( -k-1 jBp+q-l{si...Sktl...{tj»t)...tl), 
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(tl.t)mt2 = l^Bp{si...{Si»t)...Sk) + Bp{si...Skt)\n}t2 






p+q-k-l-2 
p — k — 1 



Bp+q-l{si . . . (Sj • t) . . . Skh ...tl) 



fp + q — k — I — 3^. 

+ 1 -k-2 jBp+q-l{Sl...Sktl...tit), 



tim(t2«t) = h[l}i^Bg{ti...itj»t)...ti) + Bg{ti...tjt) 

= ^i'' ' 1 I 1 " ) Bp+q-l{si . . . Skh ...{tj»t)... tl) 



p+q-k-l-2 
p — k — 1 



''p + q — k — I — 3^. 

+ 1 -k-^ iBp+g-nsi---skh---tit)- 



fp+q-k-l-3\ I fp+q-k-l-3\ _ (p+q-k-l-2 



^^ [^^p-k-2 ) + V p-fc-1 

is Com-pre-Lie. 



_l_[ '),{ti\nt2)*t = {ti*t)\nt2 + ti\n{t2*t). So 0r(N*) 



Let tl = Bp{si ...Sk) and t2 = Bq{ti . . . ti). U k > p, then (^^''_fc_{ ^) = 0, so ti 111*2 = 0. 
By proposition |28| 4>pL{ti) = 0, so (f)pL{ti\l\t2) = (l)pL{ti)^4>PL{i2) = 0. Similarly, if / > g, 
(/)PL(ti 111*2) = 4>PL{h)^4'PL{t2) =0. If A; < pand / < q, we put Wi = (fipiisi) and w^- = (ppiitj). 
Then: 



,/i 11^9-1-' 



4'PL{ti)\li(ppL{t2) = xqWiH] . . . UAxoWkUAxi UAxQw'iil} . . . UAxow'ilUxl 

p + q-k-l-2\ p+q-k-l-2 

p — k — 1 J 



p+q—k—l—2 
p — k — 1 

PL{tiint2). 



'>PL{Bp+q-l{si . . .Skh ■■■tl)) 



So (j)pL is a Com-pre-Lie algebra morphism. 



D 



Remark. By the proof of proposition |28l we have a commutative diagram of prelie algebra 
morphisms: 

cl>CPL „^, > 

QPT[{1,2} ^K{xo,xi} 

0r{N*) 



Moreover, (j)cPL is a morphism of Com-pre-Lie algebra. With the commutative, associative 
product previously defined on 07-(n*), ipPL is now a morphism of Com-pre-Lie algebra. However, 
ip is not compatible with 111 . Indeed, ■0( 1 2 ) = V'(- 2 ) • V'(' 1 ) = 1 2 , so: 



ilj{l\)\M^{\\) = \\\M\\ =\U\. 



Moreover, I^ Lil I2 = Vg^ , so: 



^lj{\l\l}\\) = ^(.3) • V'(-l)V'(-l) = 22"2» -l-l =2^2 + '2V.'2 
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5 Appendix 

5.1 Enumeration of partitioned trees 

Let d > 1. For all n > 1, let /„ be the number of partitioned trees decorated by {1, . . . ,d} with 
n vertices and let t„ be the number of partitioned trees decorated by {1, . . . ,d} with n vertices 
and one root. By convention, /q = 1. We put: 



r = £t„x", F = £/„x". 



n=l 



n=0 



Let Vt be the vector space generated by the set of partitioned trees decorated by {1, , . . . , d} and 
Vp be the vector space generated by the set of partitioned trees decorated by { 1 ,,..., d} with 
only one root. There is a bijection: 



SiVr) 



Vf 

tlLJJ ... Liltfc- 



Hence: 



There is a bijection: 






L (1 - X'=)*fc 



(2) 



^SiVf 



j=l 



This gives: 



Vt 

d 



(Fi,i...,Fi,fe,,...,Fd,i...Frf,fcJ -^ J];., .(Fi,i...Fi,fcJ. 



1=1 



oo . 

dXW-, -, 



(3) 



j^ (1 - xfc)/fe-i ■ 

Formulas ([2]) and ([3| allow to compute inductively fj, and t^ for all /c > 1. This gives for example: 



r /i 

/2 
/3 
/4 



d(3(i + l) 
2 

6 
d(63d^ + 34d^ + 13rf + 2) 

^(644^^^ + 400^3 + 175^2 + 35d + 6) 
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Here are examples of /„ for d = 1 or 2: 



n 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


d = l 


1 


2 


5 


14 


42 


134 


444 


1518 


5318 


18989 


d = 2 


2 


7 


32 


167 


952 


5759 


36340 


236498 


1576156 


10702333 



The row d = 1 is sequence A035052 of [15j. 
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5.2 Study of the dendriform structure on admissible words 

We here study the dendriform algebra ]K(N*) of proposition 1321 It is clearly commutative, via the 
bijection from Sh^{k, I) to Shy^(l, k) given by the composition (on the left) by the permutation 
{l + l...l + kl...l). 

Let y be a vector space. The shuffle dendriform algebra Sh{V) is T^(y), with the produts 
given by: 

(ai ...Ofc) ^ (61 ...6;) = ^ C-ai---akbi...bk-ibk 

CeSh^{k,i) 

{ai...ak)>- {hi...hi) = ^ C-ai • • • Ofc-iafe^i • • • 6fc- 

Moreover, this is the free commutative dendriform algebra generated by V , that is to say if A is 
a commutative dendriform algebra and / : V — > A is any linear map, there exists a morphism 
of dendriform algebras (p : Shiy) — > A such that (j)\V = f . As ai . . . a^ ^ b = ai . . . a^b in 
Sh{V) for all ai, . . . , a^, b GV, this morphism (p is defined by: 

(p{ai . . . afc) = (. . . (ai ^ 02) ;- 03) . . .) ^ a^. 

Proposition 38 1. Let V be the space generated by the words l^i, A; G N, i > 1. Then 
K{N*) is isomorphic, as a dendriform algebra, to ShiV). 

2. Let A be the subspace of K(N*) generated by admissible words. Then it is a dendriform 
subalgebra of K{N*). Moreover, ifW is the space generated by the letters i, i>l, then A 
is isomorphic, as a dendriform algebra, to Sh(W). 

Proof. Let w = ai . . .a^ be a word with letters in N*. We denote by o{w) the sequence 
of indices j G {1, . . . , A; — 1} such that aj 7^ 1. This sequences are totally ordered in this way: 
(ji, ■■■Jk) < (Jl, • • • , Jz) if there exists a p such that jk = j[, jk~i = j[_i, • • •, ik-p+i = j'l-p+v 
jk-p < j'l-p, with the convention jo = J-i = • • • = j'o = J^i = • • • = 0. 

Let (p '■ Sh(y) — > KCN*) be the unique morphism of dendriform algebras which extends the 
identity of V. Then: 

^{{I'^-'ai) . . . (l^"-iaO) = = l^^-\ai + 1) . . . l^"--i(a„_i + l)l'"-'a„ 

+words w' such that o{w') > (ki, . . . , kn-i)- 

By thriangularity, (p is an isomorphism. Moreover, for all ai, . . . , a„ > 1: 

cp{ai . . . a„) = (ai + 1) . . . (a„_i + l)a„. 

Consequently, (p{Sh(W)) = ^, so yl is a dendriform subalgebra of K{N*) and is isomorphic to 
Sh{W). a 

5.3 Preeness of the pre-Lie algebra Q-priv) 

Notations. Let A; > 1, di, . . . , d^ G 2? and let Fi, . . . ,Fk be decorated partitioned forests. We 
put: 

Bd„...,d,{Fi, ...Fk) = {.,,• Fi)m . . . m (.,,. Fk). 

Note that any partitioned tree can be written under the form -Bdi,...,dj.(-^i) • • • -^fc)- This writing 
is unique up to a permutation of the dj's and the Fj's. 
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Proposition 39 We define a coproduct 6 on Qp-j-tm in the following way: for any decorated 
partitioned tree t = Bd^^...4^{ti^i . . . ti,„i, . . . , tfc,i • • • ^fc.nj; 

-. k Ui 
S{t) = — 2_^ ^-Bdi,...,dfc(il,l • • -ii.m, • • • ,ti,l ■ ■ ■ti,j-l'ti,j+l ■ ■ ■ ti^m, ■ ■ ■ ,tk,l ■ ■ ■tk,nk) ® tij. 

i=l j=l 

1. For all X G QvT(V), {^ ® Id) o 5{x) = (23) (5 Id) o 5{x). 

2. For all x,y £ Q-pTiV)! ^{^ • y) = x ® y + 5{x) • y. 

Proof. 1. Let t = 5rf^,...,dj^(ti,i...ti,ni,...,tfc,i---*fc,nfc)- For alH,j, we put: 

/ ij — <ii,...,dk \tl,l ■■■ tl^rin ■■■ 1 1^1,1 ■■ ■ ^ij — ll-jj'+l • • • ^i,nit • • • ; '•fe,l • • • '^k,nf^j- 

Then: 

Mt^ = 
k 

Hence: 

{6 Id) o S{t) = ^ {t/tij)/ti'j' (g) ti,j, (g) tij 



5{t) = -r^t/tij(S)tij. 



As {t/tij)/ti'j' and (t/ti/ji)/tij are both the partitioned tree obtained by cutting tij and ti/ji 
in t, they are equal, so {6 <S> Id) o 5{t) is invariant under the action of (23). 

2. Let t' be a decorated partitioned tree. 

k 

6{t • t') = ^(^(-Bdi,...,dfc(*l,l • • ■h,ni, ■ ■ ■ ,*i,l • • -ti^mt', ■ ■ ■ ,tk,l ■ ■ ■tk,nk)) 
i=l 

+ 2_^^(I^di,...,dki'^'i-A ■ ■ -^l.rii) • • • '*i,l • • -^ij • * • • ■U,ni, ■ ■ ■ ,tk,l ■ ■ ■tk,n^)) 



^,3 
— kt^t + - 2^2^-B(ii,...,dfe(il,l • • • h,ni, ■ ■ ■ ,ti,l ■ ■ -ti^mt , . . . ,tfc,l . . ■tk^nk)/ti',j' ®ti',j' 

+ T 2_^ -Bdi,...,dj.(tl,l . . . tl,ni, • • • ,ii,l • • -iij • i ■ ■ -ti^n,, ■ ■ ■ ,tk,l ■ ■ ■tk,nk)/ti',j' 'i^ti/j/ 



+ T^tlKk®tij»t' 



k 

So 5{t •t') = t®t' + 5{t) • t'. □ 

By Muriel Livernet's pre-Lie rigidity theorem [7]: 

Corollary 40 The pre-Lie algebra QptCD) i^ freely generated by Ker{5). 
Remarks. 
1. It is not difficult to prove that for any x,y £ QvTiV)'- 

Hence, Ker(6) is an algebra for the product 111. 
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2. Here are elements of Ker{6) in the non decorated case. Let ^1,^2)^3) ^4 be partitioned trees. 

X = Bitit2,l)-Bih,t2), 

Y = B{tit2h, 1, 1) - B{ht2, h, 1) - B{tits, t2, 1) - B{t2h,h, 1) + 2B{ti,t2,h), 

Z = B{tit2t3t4, 1) — B{tit2tz,ti) — B{tit2t4, ts) — B{titst4, ^2) — -6(^2*3*4, ^l) 

+B{tit2MU) + Bihts, t2U) + bihU, t2h), 
T = B{tit2, hU, 1, 1) + B{tits,t2U, 1, 1) + B{hU, t2h, 1, 1) - B{tit2,h, U, 1) 

-B{tits,t2,t4, 1) — B{tit4, t2, ts, 1) - B{t2t3, tl, t4, 1) " ^(^2*4, ^1, ^3, 1) 
-B{t^t4,ti,t2, 1) + 3B{ti,t2,t3,t4). 
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